CIVL 231 Solid Mechanics Il S. F. Stiemer

Moment-Curvature Relationships and Differential Equations for a Beam

Problem 9.2-3  The deflection curve for a cantilever heam AR ¥
(see figure) is given by the following equation:

2 4
y=— 9% 0L5 — 1002 + SLa? — x7) ' x
120LEI

Describe the load acting on the beam.

Probs. 9.2-3 and 9.2-4

Solution 9.2-3 Cantilever beam

2
= T or - 10+ 5L - 2
120 LET @
Take four consecutive derivatives and obtain:
n 9o
2 = —— L —_
' el
L -
From Eq. i9-12c):
Ll &
B
L
The load is a downward triangular load of maximum
intensity q,.
¥
Problem 9.2-2 The deflection curve for a simple beam AR
is given by the following equation:
4 Al B x
v=— 9t sin -
wEl L

waN
|
|

L |
(a) Describe the load acting on the bean. |

(b) Determine the reactions K, and R, at the supports. Probs. 8.2-1 and 9.2-2 / \
() Determine the maximum bending moment A{__ .

4
_ &l sin X (b) REACTIONS (EqQ. 9-12h)
AR L I
, gl v=en" =2= X
T TwFE L Tk
L
. tfnLE WX .jL[I= D: 1I=Rﬁ—qu? —
= EEI‘:UI I an qnf_
Ll m Atx=L V=—Ry=——Ry=-— <—
TwEL
" gy , WX . .
W= ein— {¢) MAXIMUM BENDING MOMENT (EqQ. 9-12a)
EI L
R gl
M =Eh" =2 "FTsin—
(2) LoAD (EqQ. 9-12c) YT
L 2
e . TE For maximum moment, x = — M., = Gl
g=—EN" =g,5in—  #— i 2 max T 2

L
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CIVL 231 Solid Mechanics Il S. F. Stiemer

Deflection by Successive Integrations

Problem 9.3-10 A cantilever beam AR supporting a triangularly

distributed load of maximum intensity g, is shown in the figure. Y
Derive the equation of the deflection curve and then obtain qn
formulas for the deflection &, and angle of rotation @5, at the free
end. (Mote: Use the second-order differential equation of the —x
deflection curve.) A B
" L >
Solution 9.3-10  Cantilever beam (triangular load)
4
BENDING-MOMENT EQUATION ( Eg. 9-12a) EC. w0} =0 | Cy= oL
- N 120

PR | .
Eb" =M= ——- (L= 1) . o

(100 — 10% + 50 — x%) +—

@ .\ 120 LET
Eh' = (L—x)y"+ O o
24L P = — (4L 6L+ 4L - X
. VT aE! ! o
BC V(D=0 O = _q::_f gol*
32-L Y
Fo s qolx -
Elv=—"-HL—xy - + C
120L TR , iy o B
= —y =
YV
(These results agree with Case ¥, Table G-1.)
Problem 9.3-11 A cantilever beam AR is acted upon by a uniformly ¥ m
distributed moment (bending moment, not torque ) of intensity m
per unit distance along the axis of the beam (see figure). | X
Derive the equation of the deflection curve and then obtain A
formulas for the deflection &, and angle of rotation f at the free end. L I

(Mote: Use the second-order differential equation of the deflection curve. )

Solution 9.3-11 Cantilever beam ( distributed moment)

BENDING-MOMENT EQUATION (Eq. 9-12a) p = _J:EI (3L —x) —
Eh"=M=—-miL—x) \ mx _
_12 v o= —E l’,_zf_ —X)
Eh'=—m (Lx - _) +C
2, ml’
BC V(Dy=0 . C =0 85 = —vL) = IEI —
.er I3 2
E.’v=—m(___)+cz by= =L =15
26, ARy

BCowil)y=0 - Cy=10
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CIVL 231 Solid Mechanics Il S. F. Stiemer

Non-Prismatic Members

Problem 9.7-4 A beam ABC has a rigid segment from A to B and a
flexible segment with moment of inertia § from & to C (see figure).
A concentrated load P acts at point B.

Determine the angle of rotation &, of the rigid segment. the
deflection & at point B, and the maxinum deflection & _ .

Solution 9.7-4  Simple beam with a rigid segment

3

B.C. 2 wil)= Cy= ——/—+ 3Elfs
By — PLx* Px' 5PLx  3EISmx
6 15 54 L
I'—£ | 5 | PL sy (S=x=1 5)
R 3 I _H-i-- B (?_x_ ) (5
¥ L
=— {v.] = 1] (Eqs 5
) N B | - ) BCO3 Atx 3 V8 = VB {Egs. | and 5)
M 8PL>
f"’ 5 B -
Br OB Su T29EI
2
LT .
From A To B Iry 243E7
bgx L Substitute for &, n Eq. (5) and simplify:
=7 (0=x=3) ) P
- r=——(TL* — 61 L% + 81Lx" — 27x")
35, L V= zeEr! ! *)
v=— (O =x E—) i2) L
L 3 (5=x=1) (6)
Also,
From B o C P
L P v*=@[—mﬁ+mzu—31f]
ER' =M=—-—" (3) L
3 2 3 (? =x= I_) (7)
ER =%—% C, ' '
) MAXIMUM DEFLECTION
] 355 B . L —
BCl At x =L, v =_T v =10 gives IJ=E[9_2'\"5]=G.SG3]L
SPL?  3El, Substitute x, iE Eq. (6) and simplify:
= - d 3
ETE o o _AOVEPL
gpy < PLx PRSP 3EI5 6561EF
V= Epp? }
’ ° SEL . B = " Vinax = —40: oFL = G.G]363£ -—
(— =x= L) (4 6561E1 EI
PLY Py 5PL’x 3EIS
Ep= L 2T E e

examples_beam_deflections.doc 1/24/07 page 3 of 8



CIVL 231 Solid Mechanics Il S. F. Stiemer

Singularity Functions

Solution 9.12-10  Simple beam

FINAL EQUATIONS

¥
B =12
| g=20 KN/m F=120kN ER' =905 — (10/3)% + (10/3)(x — 10/
A c D B — 60 {x — 15 — 5625
[ ]
AN & o Elv = 30" — (5/6)x* + (5/6)x — 10}* — 20(x — 157
—5625x  +—
!, 10m Sm—sp—5 m—-| ix = meters, v = meters, v' = radians,
E = kilopascals, I = meters*)
g = 20 kN/m _ )
P = 20kN 63 = COUNTERCLOCKWISE ROTATION AT SUPPORT B
I - (x =20
5= 10m ER'(20) = 90(20)* — (10/3)(20)° + (10/3)(10)°
L=2%m — 60(5) — 5623
E = 200 GPa = 5541.67
I=260x 107*m* 5541.67
Hep=1v"(20) =———
BTV T
From PrRoB. 9.11-10: Units: kilonewtons, meters _ 5541.67
ER™ = —g(x) = 180~ — 20(xf + 20(x — 10)° (200 X 10° KPa) (2.60 X 107" m)
— 1200 — 157 + 40y — 200 = 001066 rad  (counterclockwise) s
Mote: {x — 20,"! = 0 and may be dropped from the
equation &, = DOWNWARD DEFLECTION AT POINT D (x = 15)
Elv(15) = 30(15)* — (5/6)(15)* + (5/6)( 51
INTEGRATE THE EQUATION — 20(0) — 5625(15)
=—24791.7
ER™ =V= 180" — 20{x' + 20(x — 10}
¢ ) 247917
— 1200 — 15° Bp=—v(15) =—"—7-
Mote: ::x:.':' =1 and ::Jfl:J =x Er
24.791.7

ER™ =M = 180x — 200x%2) + (20¢2) (x — 109 =
' . e A : (200 3 10° kPa)(2.60 % 1077 m)

—120(x — J.S'll
' ' = 004768 m = 47.68 mm  (downward) — 4+—
El' = 1800x%2) — 20(x%6) + (1043 )jx — lEI::!'
—60ix — 157+ C,
Elv =30x" — (5/6)x" + (5/6);x — 10" — 20x — 157
+Cx+ 0,

BC EN({0)=0 0=0-04+0-04+C(0)+C,
~C,=0

BC. ER(20y=10

0 = 3002007 — (5/6)(200* + (5763 10)*
— 20057+ C,(20)

0=112500 +20C, .. C = —5625
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CIVL 231 Solid Mechanics Il S. F. Stiemer

Method of Superposition

Problem 9.5-2 A simple beam AB supports five equally spaced loads
P isee figure).
ia) Determine the deflection &, at the midpoint of the beam.

(b} If the same total load (5P) is distributed as a uniform load -"12' LB
on the beam, what is the deflection &, at the midpoint? &
(c) Calculate the ratio of 8, to & ..
S R A PN i“
] 6 6 ] 6 &

Solution 9.5-2  Simple beam with 5 loads

{a) Table G-2, Cases 4 and © by Table G-2, Case | gL = 5P
P(l) 5o SgL'  25PL
6 Ly *3R4ET 3B4E]
&= ﬁ[”a -4(3) ]
- & 11 384 88
I [c;—‘=—(—)=—=1.1?3 —
P(_) 5, la\25) 75
TA.E [V L)z + PL
MEI ( 3, 45 ET
_ e
144 ET
Problem 9.5-3 The cantilever beam AB shown in the figure has an extension L
BCD attached to its free end. A force P acts at the end of the extension. A B
{a) Find the ratio a/L so that the vertical deflection of point B will be zero.
(b) Find the ratio /L so that the angle of rotation at point 8 will be zero. D
[
—a
P
Solution 9.5-3 Cantilever beam with extension
Table G-1, Cases 4 and 6
i PI*  Pal? a 2
B (a) fg=—"7— =0 —=— %+
- ) pa W 08 T SE T 2 L3
| 4
L PI*  Pal a |
bl iy = _fan o8 1
| T L2
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CIVL 231 Solid Mechanics Il

S. F. Stiemer

Non-Prismatic Members

Problem 9.7-4 A beam ABC has a rigid segment from A to B and a
flexible segment with moment of inertia { from B to C (see figure).

A concentrated load P acts at point B.
Determine the angle of rotation 8, of the rigid segment, the
deflection &g at point B, and the maximum deflection &__ .

Solution 9.7-4  Simple beam with a rigid segment

Rigid

/

g B Bamax

From ATO B
R L
NE— (Df_::ﬂ—) (1)
L 3
38 L
'»'“=—TF (0 =x E—l) (2
From B 1o C
PL P
En' =m=—=-2 (3)
3 3
. PLx P¥
Elv =T_?+ Cl

3

PI? L
—q—4+3EfﬁB (—EIEL) (5

C e o x
tert B g (Egs. 1 and 5)

B _ &PL?

dy = —— —
A3 M43E

Substitute for & in Eq. (5) and simplify:
P
v=—— (7L~ 610 + 81Lx" — 27x")

AR6ET
(3 =r= ) o
Also,
; P 2 .
v =——( =611+ 162Lx — 8125
AR6ET
L
(;E_ri:f_) (7

MAXIMUM DEFLECTION

] '2'35 . ., L —
BCol At x=LE, = I vi=10 gives x, =a['§| — 2%5) =0.5031L
SPL:  3EIB, Substitute x| 'JE Eq. i6) and simplify:
= — - =py3
Yoss L y = —JOVSPL
g PLx P2 SPL 3ER, 6361E1
V= spr? ¥
3 5] SEL L ﬁm=—‘p'mu=hm:—_ﬂ=ﬂ.ﬂ]353£ —
(;EIEL) ) 6561E1 EI
PLx* Px’ 5PL'x 3EI
Ep=t X 22X TR
6 18 54 L
L == = "l'_
(3 = )
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CIVL 231 Solid Mechanics Il S. F. Stiemer

Statically Indeterminate Beams

Problem 10.3-2 A fixed-end beam AR of length L supports a uniform
load of intensity g (see figure). q

Beginning with the second-order differential equation of the
deflection curve (the bending-moment equation ), obtain the reactions, —x
shear forces, bending moments, slopes, and deflections of the beam. My
Construct the shear-force and bending-moment diagrams, labeling all

critical ordinates. R4 L R
Solution 10.3-2 Fixed-end beam (uniform load )
Select MA as the redundant reaction. REACTIONS
2

) . gL gL
REACTIONS (FROM SYMMETRY AND EQUILIERIUM) Ry=Rg =" My=M;z= =

gL i
Ri=Ra=— Mg=M,

')
- SHEAR FORCE ( FROM EQUILIERIUM)

b |y

BENDING MOMENT ( FROM EQUILIBRIUM ) V=R, —gx=—(L—2x) *—
1.'2
M=R,{x—MA—qT=—M_ﬁ%gu—f} (1)

BENDING MOMENT { FROM E. 1)

9 12— 6Lx+ ) 4—

[DMFFERENTIAL EQUATIONS M= —Fl
W oay 4 I,
Eh"=M=—-M,+ ELL: —a)

x _
——)+Cl (2) . qx

SLorE (FROM Eq. 2)

, gLt
Eh' = —Mux + ;(

2 3 Y= —— ([P —3Lx+2)
- v 12E" * )
BC. 1 W(0)=0 . C =0

DEFLECTION (FROM EQ. 3)

My®  g/Lx  x* "
ev-—-+3(% ) 3
= — PT — 2
BC. 2 w0)y=0 . C,=0 v= 24EILL Xy —
Iy B
Be 3wl =0 oM, =3 s = —L-(£)= gL
12 e 2/ 384EI

SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS

al?
24

Jw Gv_-‘/'—‘—\
r i
v [\ = 2=¥3;
a R & 5
_4aL / qL” =0.2113L _ gL
2 12 12
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CIVL 231 Solid Mechanics Il S. F. Stiemer

Problem 10.4-21 A wide-flange beam ABC rests on three identical

spring supports at points A. B, and C (see figure). The flexural rigidity A 1 C

of the beam i1s EI = 6912 % 10 Ib-in.2, and each spring has stiffness )

k = 62,500 Ibfin. The length of the beam is L = 16 ft. i i
If the load P is 6000 Ib, what are the reactions R, Ry and B _? Also,

draw the shear-force and bending-moment diagrams for the beam, labeling
all critical ordinates.

RA -—?—r-———hq———- RC
Re
Solution 10.4-21 Beam on three springs
P ip

8,0, =—
8 Oy 2k

P
g_ B o) =—
k k k (B¢l 1k
L L
n

1
(BB]L=?[[EA]L+ [5.:][] +

kg {Case 5, Table G-2)
Select Ry as redundant. P PL* o
(ﬁle—E-F—?E‘EEI i downward)y
EQUILIERIUM B
A 1 C

P Ry P Ry ' )
RR=——-— R.=——— k K
14 2 € 4 2 R

RELEASED STRUCTURE AND FORCE-DISFL. EQs.

Rs
P (B4)a e
i Ry
A ) 1 (BCJ2 =_F
k k 2k
Bs)a = —[(84)2 + (5c) ]+R"E
[L 3]2 2 L AJz | .:12 48E1'
R Ry L*
=—L4+ = (upward)
ap P 2k 48Er
T T i T
Ry
COMPATIBILITY  (fg); — (fg)2= T NUMERICAL VALUES

= 5 6 Thein 2 = 6715 :
Substitute and solve: ElI'= 6912 » 10° |b-in. k= 62,500 Ibfin.

RLET 4 11k L=16fti=192in. P = 60001b
RB=P(—)

52 3 kL?
H2ET+ 16K Br="—=64 R, =3000b <+—
kL Er
Let k% = H {nondimensional)  4+— R, =30001b R.=0 ++—
P ora8d 4 11k SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS
AT |
e\ 72+ k* ﬂgj 3000
FroM EQUILIBRIUM: )
—3000
_£(1344 + 131—*)
3N T2 4k M
P 6l — b {1b-in.} 144,000
Re= _( ] ) -
32\T2 + k¥, 0
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